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STRAIGHT LINES

Length of perpendicular distance from a point to the line and
perpendicular distance between parallel lines. Simple problems.

Angle between two straight lines and condition for parallel and
perpendicular lines. Simple problems
Pair of straight lines Through origin
Pair of lines passing through the origin ax?+2hxy+by?=0
expressed in the form (y-mix)(y-mzx) =0. Derivation of
2 _
tan6 = + % condition for parallel and perpendicular
a+
lines. Simple problems.
Pair of straight lines not through origin
Condition for general equation of the second degree
ax?+2hxy+by?+2gx+2fy+c=0 to represent pair of lines.
ahg
h b f|=0 (Statement only)
gf c

Angle between them, condition for parallel and perpendicular
lines simple problems.
STRAIGHT LINES
Introduction
Analytical Geometry is a branch of Mathematics which deals with
solutions of geometrical problems by Algebraic methods. It was

developed by the famous French mathematician called Rune
Descartes.
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Axes of co-ordinates:

Take two straight lines XOX’ and YOY’ at right angles to each
other. The horizontal line XOX’ is called the X — axis and the vertical
line YOY’ is called the Y-axis. These two axes intersect at O, called

the origin.
Cartesian — Rectangular Co-ordinates:
Diagram
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Let XOX" and YOY’ be the axes of co-ordinates. Let P be any
point in the plane. Draw PM perpendicular to OX. Then the position of
P is uniquely determined by the distances OM and MP. These
distances OM and MP are called the Cartesian rectangular co-
ordinates of the point P with respect to X-axis and Y—axis respectively.

It is to be noted that the ‘X’ co-ordinate must be in first place and
the Y’ co-ordinate must be in the second place. This order must be
strictly followed.

Straight Line:

When a variable point moves in accordance with a geometrical
law, the point will trace some curve. This curve is known as the locus
of the variable point.

If a relation in x and y represent a curve then

() The co-ordinates of every point on the curve will satisfy the
relation.

(i) Any point whose co-ordinates satisfy the relation will lie on the
curve.

Straight line is alocus of a point.

Diagram
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Let the line AB cut the X-axis at A and y-axis at B. The angle
made by the line AB with the positive direction of the x-axis is called



the angle of inclination of the line AB with the x-axis and it is denoted
by 6 . Hence £XAB=0 .The angle can take any values from 0° to 180°.
Slope or gradient of a straight line:

The tangent of the angle of inclination of the straight line is called
slope or gradient of the line. If 6 is the angle of inclination then
slope = tan 6 and is denoted by m.
Example:

If a line makes an angle of 45° with the X-axis in the positive
direction then the slope of the line is tan45°.

iem=tan45°=1

In school studies students have learnt, the distance between two
points section formula, mid point of the line joining two points, various
form of equation of the straight line, point of intersection of two lines,
etc., in analytical Geometry.

Standard forms of the equation of a straight line.
() Slope-intercept form:

When ‘¢’ is the y intercept and slope is ‘m’, the equation of the
straight line is y=mx+c

(ii) Slope - point form:

When ‘m’ is the slope of the straight line and (x1,y1) is a point on
the straight line its equation is y-y1 = m(x-x1)

(iii) Two —point form:
Equation of the line joining the two points (x1,y1) and (xz,y2) is

YoV _ X=X
Yi—=Y2 X=X



(iv) Interceptform:

When the x and y intercepts of a straight line are given as ‘a’ and
‘b’ respectively, the equation of the straight line is
ie., i + X =1
a b
(v). General form:

The general form of the equation of a straight line is ax+by+c = 0.
If ax+by+c=0 is the equation of a straight line then

coefficientof x _ a
Slopem = - coeffictentofy ~

b

: constantterm
X -Intercept = —

coefficient of x

y -intercept = —

~c
a
constantterm _ ¢
coefficientofy b
Some Important Formulae:
(i) The length of the perpendicular from (x1,y1) to the line
ax+by+c=0is
LA +by; +¢

va? +b?

(i) Thelength of the perpendicular from origin to the line
ax+hby+c=0is

+__C
va? +b?
(iii) The distance between the parallel lines ax + by + ¢c1 = 0 and
ax+by+c2=0is

€ -G

va? +b?

+



ANGLE BETWEEN TWO STRAIGHT LINES
Book Work:

Find the angle between the lines y = mix+c; and y = max+co.
Deduce the conditions for the lines to be (i) parallel (ii)
perpendicular

X'

Proof:
Let 61 be the angle of inclination of the line y = mix + c1. Slope of
this line is m1=tan6a. Let ‘0’2 be the angle of inclination of the line

y= mzX + c2. Slope of this line is mz = tan0:.

Let ‘0’ be the angle between the two lines, then 61 = 62 + §—6=01-02
~.tan 6 =tan (01-02)

_ tan01-tan62
1+tan01tan62
1+mym,
afmp-m, |
— f=tan [FE——
12



(i) Condition for two lines to be parallel:
If the two lines are parallel then the angle between the two lines
is zero

stan6=tan0=0
m,-mp
1+mym,
m;—-m,=0

(i.e)

ml =m2
.. For parallel lines, slopes are equal.

(i) Condition for two lines to be perpendicular:
If the two lines are perpendicular then the angle between them

6 =90°

s.tanf =tan90° = o = E
0
omp-m, _1
“1+m1m2 C_)
1+ mym, =0
mym, =-1

.. For perpendicular lines, product of the slopes will be -1
Note :
1) The acute angle between the lines

m;—m;

Y=mx+c, and y=m,x+c, is tanb =
1 1 y 2 2 T+ m;m,

2) Ifthe slope of a line is ‘m’ then the slope of parallel line is also m.
3) If the slope of a line is m then the slope of any line perpendicular

. 1
tothe lineis — __
m



4) Any line parallel to the line ax+by+c = 0 will be of the form
ax+by+d = 0 (differ only constant term)

5) Any line perpendicular the line ax+by+c =0 will be of the form bx-
ay+d=0

WORKED EXAMPLESPART — A

1) Find the perpendicular distance from the point (2,3) to the
straight line 2x+y+3=0

Solution:

The length of the perpendicular from the point (x1,y1) to the line
ax+by+c = is

ax; +by; +¢

va? +b?
Give straight line is 2x+y+3 =0
Given point (x1,y1) = (2,3)
2(2)+(3)+3 10

Jerrap

2) Find the length of the perpendicular to the line 4x+6y+7 = 0 from
the origin

(i.e)

Solution:

The length of the perpendicular is __c
va? +b?
Here a =4, b=6, c =7

7 7 7

(I.e.) \/(4)2 +(6)2 = \/164_36 = \/5_2




3) Find the distance between the line 2x+3y+4 = 0 and 2x+3y -1 =0
Solution:
¢ - o

Jaz +b?

The distance between the parallel lines is

Hereci=4 and c2 =-1

[4+1
NoW ————
(2 +(=3)

4) Find the angle between the lines y = J3x and xy=0
Solution:
y= J3x
(i.e.) \/§x—y=0 (1) and x-y =0 (2)
coefficient of x
coefficientof y

:___\f_:\/g

Slope of (1) = -

tan 01 = V3 — 01 = 60°
coefficientof x

slope of (2) = —
P @) coefficientof y

1
tang, =—— =1

02 = 45°
Let 6 be the angle between (1) and (2)
0= 01-02
0 =60° - 45° = 15°



5) Show that the lines 6x+y-11 =0 and 12x+2y+14 =0 are parallel
Solution:

6x+y-11 =0 1)
12x+2y+14 =0 2)
Slope of the line (1) =ma :—i = —E =—6
b 1
Slope of the line (2) = m2 = — % 12
2

mi=mz2
.. The lines are parallel.
6) Find ‘p’ such that the lines 7x-4y+13 = 0 and px = 4y+6 are

parallel.
Solution:
7x-4y+13=0 (1)
px-4y-6 =0 (2)

Slope of the line (1) my= =& _ =L

Slope of the line (2) mo= =2 _ =P
b -4 4

Since (1) and (2) are parallel lines
mai=ma2

7_p

4 4



7) Show that the lines 2x+3y-7 =0 and 3x-2y+4=0 are
perpendicular.

Solution:
2x+3y-7=0 1)
3x-2y+4 =0 (2)
Slope of the line (1) =m1 = _?
Slope of theline(2) =m _ =3 _3
2 -2 2
Nowmm /=21 (3} _,
|zl
1 2
30
smim, =-1

.. The lines (1) and (2) are perpendicular

8) Find the value of m if the lines 2x+my=4 and x+5y-6=0 are
perpendicular

Solution:
2x+my-4=0 1)
x+5y-6 =0 5 (2)
Slope of the line (1) =m =-
. =
T
Slope of the line (2) =m  =-
, =
5
Since the liner are perpendicular
m,m,=-1
[—i“— E\I —_1
\om/Ls)
2o
5m
-5m =2
m=-—



PART - B
1) Find the angle between the lines 3x+6y=8 and 2x = -y+5

Solution:
3x+6y-8 =0 (1)
Slope of the line (1) =m =2 _=3 _=1
' b 6 2
2x+y-5=0 ) 2
_a —
Slope of the line (2) =m =— == =-2
2 b 1
Let ‘0’ be the angle between two lines
tan 6 = My =My |
1+ mym,

. 0=tan?(0.75)

— 0 =36°52
2) Find the equation of the straight line passing through (-1, 4) and
parallel to x+2y =3.

Solution:
Let the equation of line parallel to x+2y-3 =0 (1)
is x+2y+k =0 (2)

Equation (2) passes through (-1,4)
put x=-1, y =4 in equation (2)
(-1)+2(4) +k=0

-1+8 +k =0

k=-7

.. Required lineis x +2y—7=0



3) Find the equation to the line through the point (3,-3) and
perpendicular to 4x-3y-10 =0

Solution:
Required straight line is perpendicular to 4x-3y-10 =0 (1)
and passing through (3,-3).
.. Required equation of the straight line is
-3x—4y+k =0 2
Required line passes through (3,-3)
Put x = 3, y= -3 in equation (2)
-3(3)-4(-3)+k=0

-9+12+k =0
3+k=0
k=-3
Sub in equation (2)
-3x—4y-3=0
.. Required equation of straight line is
3x+4y+3 =0

PAIR OF STRAIGHT LINES THROUGH ORIGIN
Any line passing through the origin is of the form ax+by =0
Let aix +b1y=0 (1)
and azx + b2y=0 (2)
be the two lines passing through the origin.
The combined equation of (1) and (2) is
(arx+bay) (azx+b2y) =0
a1 azx? + (arbz2+azbi)xy + bib2y? = 0 (3)
Taking aiaz = a, aibz+azbi = 2h, and bib2 =b
We get
ax? + 2hxy +by? =0 4



which is a homogenous equation of second degree in x and y. It
represents a pair of straight lines passing through the origin.

Let m1 and m:z are the slopes of the lines given by (4). Then the
separate equations are

y= max and y = max

(.,e)y—-mix=0 (5)
y—m2x=0 (6)
(y -mzx) (y -mzx) =0
y2 — (m1+m2) Xy + mimax2 =0

(i.e.) mim2x? — (m1+m2)xy + y2 =0 )

Equation (4) and (7) represent the same part of straight lines.
Hence the ratios of the corresponding co-efficient of like terms are
proportional.

mm, —(my+m,)_1 8)
a 2h b
The relation (8) gives
mi+mz = % (9)

i.e., Sum of the slopes = ——
and mimz = E
b

i.e., product of the slopes = E

BOOK WORK :

Find the angle between the pair of straight lines
ax? + 2hxy + by? =0 passing through origin. Also derive the conditions
for the two separate lines to be (i) perpendicular (ii) coincident (or
parallel).



Proof:

We know angle between two straight lines is given by

m; —my
1+m;m,

tan 6 =

r 3

b
4h2_4fa
b2 |bh
=+
athb
b
}4 2 _4ab
a+b
b
b

Ja(hz—ab) b

a+b




h? —ab
a+b

T
(.e) 0=tan-1[x2Vh?-ab

| a+b |

tan 6= +2

is the angle between the pair of straight lines.
(iii) Condition for the two straight lines to be perpendicular
If the two lines are perpendicular, then 6 = 90°

.. tan 6 =tan 90°

vhz—ab __1

4207 — % —
a+b 0

sa+tb=0
(i.e.) coefficient of x? + coefficient of y> = 0

(iv) Condition for the two straight lines to be coincident

If the two straight lines are coincident
then 6 =0

stanf=tan O

2 _
izu =0

a+b
(i.e)h?-ab=0
(.e)h2=ab



3.2 WORKED EXAMPLES
PART - A

1) Write down the combined equation of the pair of lines x-2y =0 and
3x+2y=0

Solution:
The combined equation is (x-2y) (3x+2y) =0
(i.e.) 3x® + 2xy — 6xy — 4y?> =0
(i.e.) 3x2 — 4xy — 4y?> =0

2) Write down the separate equations of the pair of lines
12x%2 + 7xy —10y?* =0

Solution:
12x2 + 7xy — 10y? =0
12x? + 15xy — 8xy- 10y?> =0
12x? - 8xy + 15xy- 10y?> = 0
4x (3x-2y) + 5y (3x-2y) =0
(3x-2y) (4x+5y) =0
.. The separate equations are 3x-2y = 0 and 4x+5y =0

3) Show that the two lines represented by 4x?> + 4xy +y?> = 0 are
parallel to each other.

Solution:
4x% + 4xy +y? =0 1
This is of the form ax? + 2hxy + by> =0
Here a =4, 2h =4, h=2, b=1
If the lines are parallel then h?-ab=0
h? —ab = 22 — (4)(1)
=4-4=0

.. pair of lines are parallel



4) Find the value of ‘p’ if the pair of lines 4x2 + pxy + 9y? = 0 are
parallel to each other.

Solution:
4x% + pxy+ 9y? =0
This is of the form ax?+2hxy +by?=0
Herea=4,2h=p,h= B,b =9
2
If the lines are parallel

h2—ab =0

AT
2]

2

P~ _36-0
4

p? = 144
Lp= £12

5) Prove that the lines represented by 7x?-48xy-7y?> = 0 are
perpendicular to each other.

Solution:
X2 —48xy—7y? =0

This is of the form ax?+2hxy+by?=0
Here a =7, 2h=-48, h=-24, b=-7
If the lines are perpendicular a+b=0
(.e)7-7=0

6) If the two straight lines represented by the equation px>-
5xy+7y? = 0 are perpendicular to each other, find the value of p.

px2+48xy+7y> =0
Solution:
pX2+48xy+7y?= 0
This is of the form ax?+2hxy+by?=0



Here a=p, b =7
If the lines are perpendicular
a+h=0
(.e)p+t7=0
p= -7

PART -B

1) Find the separate equations of the line 2x2 — 7xy + 3y? = 0. Also
find the angle between them.

Solution:
2x% —Txy +3y? =0
This is of the form ax®+ 2hxy + by’=0
(a=2, 2h = -7, h=-7/2, b=3)
2x2 —6xy — Xy +3y? =0
2X(x —3y)-y(x —3y)=0
(x-3y)(2x-y)=0
.. The separate equations are
x-3y=0 and 2x-y=0
Let 6 be the angle between the two straight lines

vh? —ab

”tan9= iz
a+b

_ 272’ -E)

2+3

49
=z
5

6
=+2



tano==x1
tan 6 = tan 45, .. 6 =45°
2) The slope of one of the lines ax? + 2hxy +by?=0 is thrice that of
the other. Show that 3h? =4ab

Solution:
ax? + 2hxy +by? =0 (@)
Let y=m,x and y=m,x be the separate equations of equation (1)

—2h

" @

m1+m2 =

a
m;m, = b 3)
Slope of one of the line = thrice slope of the other line
(i.e.) m1=3mz

Equation (2) becomes

2h
3m, +my, =——
2 2 b
—2h
dm,=—""
> b
m _—_thﬂ

2 4b 2b



Substitute m1=3m:2 in equation (3)

a
3m,. =2
m,.m; b
a
(3m,)* ==
, 2 b
Jﬂ\ a
3~ | =_
2h b
>—h/\ a
3| ——
(4b%) b
3h? a
4b> b
3h,b =4ab,
(ie)3h? = 4ab

3.3 PAIR OF STRAIGHT LINES NOT PASSING THROUGH THE ORIGIN
Consider the second degree equation
(Ix+my+n){I'x+m'y +n')=0 (1)
If (x;,yp)0lieson Ix+my+n=0 (2)
thenIx; + my; +n=0 . Hence (x1,y1) satisfies equation (1).
Similarly any pointon I'x+m'y+n'=0 (3)
also satisfies (1)

conversely, any point which satisfies (1) must be on any of the
straight lines (2) and (3). Thus (IX+my+n) (I'x+m'y+n")=0
represent a pair of lines.

Expanding equation (1) we get

[1'X2 +1m'xy + Ixn'+I'mxy + mm'y? + mn'y +1'xn +nm'y + nn'= 0

I'x2 + xy(Im+I'm) + mm'y? + (In+I'n)x + (mn+m'n)y + nn'= 0



Taking a=II 2h=Im'+I'm, b=mm'
2g=In"+1In 2f=mn'+m'n c=nn'
We get ax? + 2hxy +by? + 2gx +2fy+¢ =0

Condition for the second degree equation ax?+2hxy+by2+
2hx+2fy+c to represent a pair of straight lines is abc+2fgh-af?-bg?-
ch?

(or)
ah g 2a 2h 2
hbfj=0 or 2h 2b 2f|=0
gfec 2g 2f 2c

1)  Angle between pair of lines ax? +2hxy +by? +2gx +2fy+c=0is

hZ —ab
a+b

tan =12

2)  The condition for the pair of lines to be parallel is h*—ab=0

3) The condition for the pair of lines to be perpendicular is a + b=0.

3.3WORKED EXAMPLES
PART - A

1) Find the combined equation of the lines whose separate
equations are 2x—-3y+2=0and 4x+y+3=0

Solution:
The two separate linesare 2x —-3y+2=0and 4x+y+3=0

The combined equation of the given line is
2x—-3y+2)(@x+y+3) =0

8X% + 2xy + 6X —12xy — 3y? -9y + 8X + 2y + 6=0
(i.e.) 8x?2 —10xy—3y? +14x-7y+6 =0



2)  Show that the pair of lines given by 9x? + 24xy +16y? + 21x
+28y+6 =0 are parallel.

Solution:
This is of the form ax? + 2hxy + by? + 2gx+2fy+c =0
Herea =9, 2h =24, b=16
h=12

If the lines are parallel h>’—ab =0
(ie) (12)*-(9)(16) =0
=144 - 144 =0
Hence the lines are parallel.
3) Show that the pair of lines given by 6x2 + 3xy — 6y? —8x
+5y —3 =0 are perpendicular

Solution:
This is of the form ax? + 2hxy +hy? + 2gx + 2fy + ¢ =0
Herea=6 b=-6

If the lines are perpendicular

atb=0

(i.e)6+(-6)=0

Hence the pair of lines are perpendicular.

PART - B
1) Prove that equation 6x% +13xy+6y? +8x+7y+2=0 represents
a pair of straight lines.

Solution:

Given equation

6x2 +13xy+6y? +8x+7y+2 =0 (1)
(i.e.) This is of the form

ax? + 2hxy + by? + 2gx + 2fy +1=0
Hence a=6 b=6 c=2

2h=13, 2g=8, 2f=7



If the equation (1) represents a pair of straight lies then

2a 2h 2g
2h2b2f 50
2g 2f 2c

12 13 8
LHS= (13 12 7
8 7
= 12(48 - 49)-13(52 - 56)+ 8(91- 96)
-12 +52 - 40
0 =RHS
Hence the given equation represents a pair of straight lines.

2) Show that the equation 3x%+7xy+2y? +5x+5y+2=0

represents a pair of straight lines. Also find the separate equation
of the lines.

Solution:
Given 3x2 +7xy+2y? +5x+5y+2 =0
This is of the form ax? + 2hxy +by? + 2gx+2fy+c =0
a=3 b=2 c=2
2h=7 2g=5 2f=5
If the equation (1) represents a pair of straight lies then

2a 2h 2
2h 2b 2f|=0
2g 2f 2c

6 75
LHS= |7 4
55

= 6(16 - 25)- 7(28 - 25)+ 5(35 - 20)



=-54-21+75
=0 =RHS

.. The given equation represents a pair of straight lines.
Next we find separate lines.

Factorise the second degree terms
Let 3x% +7xy+ 2y? = 3x? + 6Xy + Xy + 2y?
= 3X(X + 2y) + y(X + 2y)
=(X +2y)(3x +y)
oo 3X2 +T7xXy + 2y? +5X+ 5y +2=(3x +y +)(X + 2y + m) (say)
Equating the coefficient of x, [+3m=5 (2)
Equating the coefficient of y, 2I+m=5 (3)
Solving (2) and (3)
2l+6m =10
2l+m =5
5m=5
m=1
Sub in (2),
[+3(1)=5
=2
.. The separate equation are 3x+y+2 =0 and x+2y+1=0

3) Find ‘K if 2x2-7xy+3y?+5x-5y+k = O represents a pair of straight
lines. Find the angle between them.

Solution :
2X? —7xy +3y? + 5x -5y +k =0
This is of the form ax? + 2hxy +by? + 2gx+2fy+¢c =0

Hence a=2 b=3 c=k
2h=-7 2g=5 2f=-5



Since the given equation represents a pair of straight lines
2a 2h 2

2h 2b 2f|=0

2g 2f 2c

4 -7 5
=7 6 =5=0
5 -5 2k

4(12k - 25)+ 7(~ 14k + 25) + 5(35-30) = 0
48k —100-98k + 175 +25 =0
-50k +100=0
-50k =- 100
K= 2
It ‘0’ is the angle between the given lines then

2 _
tan 0 = izu
a+b

f_7 2
» 1/l\z/\ ~2)@3)
B 2+3

tan 6 = 1
tan 6 =tan 45

ne="
4



4) Show that the pair straight lines 4x? +4xy+y? —6x—-3y-4=0

represents a pair of parallel straight lines and find the distance
between them.

Solution:
Given: 4x? + 4xy+y?> —-6x-3y—-4=0 (1)
This is of the form ax? + 2hxy +by? + 2gx +2fy+¢c =0
Here a=4 2h=4 h=2
b=1 2g=-6 g=-3
2f=-3 f=-3/2 c=4

If the lines are parallel h2 —ab =0
(ie) 2?4 (1)=0
4-4=0
.. The given equation (1) represents a pair of parallel straight lines.
To find the separate lines of (1)

Factorise 4x? + 4xy + 42

4X2 + 22Xy + 22Xy + Y2 = 2X(2X + Y) + Y(2X + )
=2x +y)(2x +Y)
=(2x +y)®
4% + 4xy +y> —6x -3y —-4=0
(2x+y)? -3(2x+y)-4=0
Letz=2x+y, then
(i.e)z2-3z-4=0
(z+1)(z-4)=0
z+1=0 and z-4=0
(i.,e.) 2x+y+1=0and 2x+y—-4=0 are the separate equations
Distance between parallel lines

2Xx+y-4=0 and 2x+y+1=0is



€1 - Co
Va2 +b?

|41

5
S e =2 =5
Jep+ 1y V5
EXERCISE
PART - A

1) Find the perpendicular distance from the point (3,-3) to the line
2x+4y+2=0

2) Find the perpendicular distance from the point (2,6) to the line
x-4y+6=0

3) Find the length of the perpendicular to the line x-6y+5 = 0 from the
origin.

4) Find the distance between the line 3x+3y+4=0 and 3x+3y-2 =0

5) Find the distance between the line x+2y-19=0 and x+2y-31 =0

6) Show that the lines 3x+2y-5=0 and 6x+4y-8 = 0 are parallel.

7) Show that the lines 2x-6y+6 = 0 and 4x-12y+7 = 0 are parallel.

8) Find the value of ‘K’ if the lines 7x-2y+13 = 0 and kx=3y+8 are
parallel.

9) Find the value of ‘p’ if the lines 5x+3y = 6 and 3x+py = 7 are
parallel.

10) Show that the lines 4x-3y=0 and 3x+4y+8 = 0 are perpendicular.

11) Show that the lines 4x-2y+6 = 0 and 2x+4y-4=0 are
perpendicular

12) Find the value of ‘p’ if the lines 3x-py-4=0 and 2x+3y=7 are
perpendicular.

13) Find the value of ‘p’ if the lines 2x-py+6=0 and 3x-2y+8 = 0 are
perpendicular.



14)

15)

16)

17)

18)

19)

20)

21)

22)

23)

24)

Find the slope of the line parallel to the line joining the points
(3,4) and (-4,6)

Find the slope of the line perpendicular to the line joining the
points (3,1) and (-4,3)

Show that the line joining the points (3,-5) and (-5,-4) is parallel
to the line joining (7,10) and (15,9)

Show that the line joining the points (2,-2) and (3,0) is
perpendicular to the line joining (2,2) and (4,1).

Find the equation of the line passing through (2,4) and parallel to
the line x+3y+7=0

Find the equation of the line passing through (-2,5) and
perpendicular to 5x-3y+8 = 0

Write down the combined equation of the lines whose separate
equation are

(i) 4x+2y=0 and 2x-y =0

(i) 3x+2y=0 and 2x—y=0
@iy x+2y=0and 3x+2y=0
(iv) x+2y=0and2x—-y=0

Find the separate equation of each of the straight liens
represents by

@) 9x2—-16y2=0

(i) 2x? — 5xy+2y? =0
(iii) BX2+xy-y?=0

(iv) 15x3+17xy+2y?=0

Show that the two lines represented by 9x? + 6xy+y?> = 0 are
parallel to each other.

Show that the equation 4x? — 12xy+9y? = O represents a pair of
parallel straight lines.

Find the values of p if the two straight lines represented by
20x%+pxy +5y? = 0 are parallel to each other.



25)

26)

27)

28)

29)

30)

1

2)
3)

4)

5)

6)

Show that the pair of straight lines given by 2x?-3xy-2y?=0 is
perpendicular.

Find the value of ‘p’ so that the two straight lines represented by
px2+6xy-y? = 0 are perpendicular to each other.

Write down the combined equation of the lines whose separate
equations are

(i) x+2y = 0 and 2x-y+1=0
(i) x+2y=10 and 2x-y-3=0
(i) x+2y-1=0 and 3x+2y+3=0

Show that the equation 4x?+4xy+y?-6x-3y-4 =0 represents two
parallel lines.

Show that the equation x?+6xy+9y?+4x+12y-5 = 0 represents two
parallel straight lines

Show that the equation 2x2-3xy-2y?>+2x+y = 0 represents a
perpendicular pair of straight lines

PART - B
Show that the following equation represents a pair of straight line
(i) 9x2-6Xy+y?+18x-6y+8 =0
(i) 9X2 + 24xy+16y?+21x+28y+6 = 0
(iii) 4x% + 4xy+y? — 6x-3y-4 =0
Find the angle between the pair of straight lines

Find the angle between the pair of lines given by 6x?-13xy+5y?=
0. Find also the separate equations.

Find the angle between the pair of lines given by
9x?+12xy+4y?=0. Find also the separate equations.

Find the angle between the pair of lines given by 3x?-8xy+5y?=0.
Find also the separate equation.

Find the separate equations of the pair of lines 3x?-4xy+y?=0.
Find also the angle between the lines.



7) If the slope of one of the lines of ax?+2hxy+by?=0 is twice the
slope of the other, show that 8h?= 9ab

8) If the equation ax?+3xy-2y?-5x+5y+c=0 represents two lines
perpendicular to each other, find the value of ‘a’ and ‘c’.

9) Show that the equation 12x2-10xy+2y?+14x-5y+2=0 represents a
pair of lines. Also find the separate equations.

10) Show that the equation 12x2+7xy-10y?+13x+45y-35=0 represents
a pair of straight lines. Also find the separate equations.

11) Write down the separate equations of 3x2 — 7xy — 6y? — 5x +26y
— 8 =0. Also find the angle between the lines.

12) Show that the equation 9x?+24xy+16y?+21x+28y+6=0 represents
a pair of parallel straight lines. Find the separate equations and
the distance between them.

13) Show that the equation 9x3-6xy+y?+18x-6y+8=0 represents two
parallel straight lines. Find the distance between them.

ANSWERS
PART - A
-4 -16 5 2
1— 2. — 3. — 4, —
J20 17 J37 Jis
21 9
5_2 8. k=_ 9. p=_ 5.Pp=2
J5 5
_ =2 7 _
13.P=-3 14. 15. — 18. X+3y-14=0
7 2
19. 3x+5y-19 =0
20. (i) 8x*-2y?* =0

(ii) 6Xx2 +xy—2y? =0
(i) 3x2 +8xy+4y*> =0
(iv) 2x% +3xy—2y? =0



21. (i) (3x+4y)=0, 3x—4y=0 (i) x—2y=0,2x-y=0
(iii) 2x+y=0,3x-y=0 (iv) x+y=0,15x+2y=0
24. P=+20 26. P=1
27. (i) 2x2 +3xy—-2y? +x+2y =0
(i) 2x% +3xy—2y? —23x+4y +30=0 (iii) 3x? +8xy+ 4y? + 4y -3=0

PART - B
(2) (i) 6=60°, (ii))6=90°
(3) tano =1 , 0=32°, 28’, 3x-5y=0, 2x-y =0
11
(4) 6=0, 3x+2y=0, 3x+2y=0

1
(5) tan6=—, 3x-5y=0, x-y=0
4

(6) 3x-y=0, x-y=0, tan 6 = 1_
2

(8) a=2, c=-3
(9) 2x-y+2=0, 6x-2y+1=0
(10) 4x+5y-5=0
3x-2y+7 =0
(11) 3x+2y-8=0
x-3y+1=0
tan 6 = 1_1
3
(12) 3x+4y+1=0
3x+4y+6=0
dist=1



CIRCLES

Equation of circle — given centre and radius. General Equation of
circle — finding center and radius. Simple problems.

Equation of circle through three non collinear points — concyclic
points. Equation of circle on the line joining the points (x1,y1) and
(x2,y2) as diameter. Simple problems.
Length of the tangent. Position of a point with respect to a circle.
Equation of tangent (Derivation not required). Simple problems.
CIRCLES
Definition:

The locus or path of a point P(x,y) which is at a constant distance
‘r from afixed point C(h,k) is called a circle.

The fixed point C(h,k) is called centre and the constant distance
is called the radius of the circle.

P (xy)

Fig (1.1)
Eqution of a circle with centre (h,k) and radius r:

Let the given centre and radius are C(h,k) and ’r’ units. Let P(x,y)
be any point on the circle. From Fig (1.1.) CP=r

ie \/(x—h)2 +(y—k)? =r (using distance formula)



(x—h)? +(y —k)? =r? (€]
Note: When centre is at the origin (0,0) the equation (1) becomes
x2+y?=r2, i.e. the equation of the circle with centre at the origin and
radius ‘r’ units is x2+y?=r2,

General Equation of the circle.
The general equation of the circle is

X2 +y2+2gx+2fy+c=0 2

Equation (2) can be re written as

X2 +2gx+02 +y? +2fy+f2 =g? +f2 —c (or)

x+g)y +(y+f)? =g?+f2-c

[ 2 %_|/192+f2—c |2 (3)

\ J

Equation (3) is in the form of equation (1)

. The eqution (2) represents a circle with centre (-g,-f) and radius

Vg2 +f2—c.

Note:
() Coefficient of x? = coefficient of y?

(ii) Centre of the circle = ( lcoefficient of x,— ! coefficient of y

| 5 5

(i) Radius = /g% +f2—c



WORKED EXAMPLES

PART - A
1) Find the equation of the circle whose centre is (2,-1) and radius 3
units.
Solution:

Equation of the circle with centre (h,k) and radius ’r’ is
(x—h)? +(y —k)? =r? (hk) =2,1) r=3
SL(X=2)2 +(y+1)? =32 X2 +y? —4x+2y-4=0

2) Find the centre and radius of the circle x? +y? —6x+4y+2=0

Solution:
Here 2g =-6 and 2f =4
g=-3 f=2

Centre is (-g,-f)
Centre (3,-2)

= 4(=3)2+22-2

Sr= \/1_1units
PART - B

1) If 3x-y+5 = 0 and 4x+7y+15=0 are the equations of two diameters
of a circle of radius 4 units write down the equation of the circle.

Solution:

Given diameters are
3x-y+5=0 Q)
4x+7y+15=0 2)



-

Solving (1) and (2) we get x=-2 and y = -1
.. centre (-2,-1) given radius r =4

.. Equation of the circle is

(x—h)? +(y —k)* =r?

(X+2)? +(y +1)* =4?

i.e. X2 +y2 +4x+2y-11=0

2) Find the equation of the circle whose centre is (5,-7) and passing
through the point (3,-3)

Solution:
A(3,-3)

Let the centre and a point on the circle be C(5,-7) and A (3,-3)

-Radius =CA =y/(5 - 3)2 + (-7 + 3)?

r=44+16 r:\/%



Equation of circle is (x —h)? + (y —k)? =r?
(h,K) = (5,-7) r=4/20 r2 =20
S(X=5)2 +(y+7)?>=20

X2 —10x+25 +y? +14y + 49 -20=0

i.e. X2 +y? -10x+14y +54=0

CONCYCLIC POINTS
If four or more points lie on the same circle the points are called

concylic points.
1.2.1 Equation of circle with end points of a diameter

Let A(x1,y1) and B(xz,y2) be given two end points of a diameter.

Let P (x,y) be any point on the circle.

P(xy)

AX.y1)

B(x..Y,)

Fig (1.2)
ie Z~APB=90° ( Anglein a Semi-circle is 90°)
AP 1PB
.".(slope of AP) (slope of PB ) =-1
[y-y) [y-y,)

|=-1

/

‘\x—xl;"j‘x—x2



ie. (Y —y)(Y = ¥2) = (X = X)(X = X;)
ie (X = X)(X = X2)+(y — Yoy — ¥2)=0

is the required equation of the circle.

WORKED EXAMPLES
PART - A

1) Find the equation of the circle joining the points (1,-1) and (-2,3)
as diameter

Solution:

Equation of the circle is
(X = X)X = %) +(y = y1)(y = ¥2) =0
(X1y1)=(1,-1) (X2, ¥2) =(-2.3)
SX=DX+2)+(y+1)(y -3)=0

X2 +y?2+x-2y-5=0

2) Find the equation of the circle joining the points (a,0) and (0,b) as
diameter

Solution:

Equation of the circle is
(X = X)X = X2) + (Y = yo)(y - ¥2)=0
(X1, y1)=(a,0)and (x, y,)=(0,b)

S(x—-a)(x-0)+(y-0)(y—-b)=0
X2 +y? —ax-by=0



PART -B

1) Find the equation of the circle passing through the points (1,1),
(1,0) and (0,1)

Solution:
Let the equation of the circle be

X2 +y? +2gx+2fy +c=0 )
(1,1 lieson (1) i.e

12 +12 +2g(1)+2f(1) +¢c =0

2g+2f+c =-2 (2)
(1,0) lies on (1)
i.e 12 +0% +2g(1) +2f(0) +c=0

2g+c=-1 3)
(0,1) lieson (1)
i.e 0% +12 +2g(0)+2f(1)+c=0

2f+c= -1 4)
2g+2f+c = -2
2g+0+c=-1
@)-()~ _0+2f+0=-1
ool of= -2
2

Substitute f=— E in (4)
2

21_£\| +c=-1
| 2)

-1+c=-1 ..c=0



Substitute c= 0 in (3)

20+0=-1
1
g=-_

2

.. Equation of the circle is
R4yt 2(=lly 2| [V+0=0
\2) \2)
ie. X +y?-x-y=0
2) Find the equation of the circle passing through the points (0,1) ,
(4,3) and having its centre on the line 4x-5y-5=0

Solution:
Let the Equation of the circle be

X2 +y? +2gx+2fy+c =0 (1)
(0,1) lies on (1)
i.e 02+12+2g(0)+2f(1)+c=0

2f+c =-1 )
(4,3) lieson (1)
i.e. 42 +32 +29(4)+2f(3)+c=0

8g+6f+c =-25 (3)
Centre (-g,-f) lies on the line 4x-5y-5=0
i.e 4(-g)-5(-fH-5=0 (4)

-4g+5f=5

2f+c=-1

8g+6f+c=-25



) - (3)— -8g-4f+0=24

4g+2f=-12 (5)
(4) +(5) gives;
-4g +5f =5
4g+2f =-12
0+7f=-7
7f=—7 ~f=-1
Substituting f=-1 in (5)
4g9-2 (-1) = -12
-10 -5
49+2=-12 4g=-10 Lg= — e, =
9 g 4 g 5
L -5 .
Substituting g=—, f=-1 in (3)
(-5) °
8| ;| +6(-1)+c=-25
\2)
-20-6+c=-25 cc=-25+26 c=1

Equatioq gﬁstpe required circle is
X2 + y2 + 2| I |X+ 2(-)y+1=0
\ 2)

X2 +y? —5x -2y +1=0
3) Show that the points (4,1), (6,5) (2,7) and (0,3) are concyclic
Solution:
Let the equation of the circle be x2 +y? + 2gx + 2fy + ¢ =0 1)
(4,1) lies on the circle (1)
42 +1?2 +2g(4) + 2f(1)+c=0
8g+2f+c=-17 )



(6,5) lies on the circle (1)

5. 62 +52 +29(6) + 2f(5) +c=0

12g+10f+c = -61 3)
(2,7) lies on the circle (1)

522477 +29(2)+ 2f(7) +¢ =0

4g+14f+c = -53 @)
(3) - (2) — 4g +8f=-44 (5)
(3)-(4) — 8g—-4f=-8 (6)

Solving (5) and (6) we get g=-3 and f=-4
Substituting g = -3, f=-4 in (2)

8(-3) + 2(-4)+c = -17

C=-17+32=15
.. Equation of circle passing through the three
points (4,1) (6,5) and (2,7) is

X2 +y? +2(=3)x +2(-4)y +15=0

X2 +y? —6x -8y +15=0 (7)
Substituting the fourth point (0,3) in (7)

02 +32 -6(0)-8(3)+15=0

9-24+15=0 . 24-24=0
. (0,3) also lies on (7)

Hence the given four points are concyclic.
Length of the Tangent to a circle from a point (X1,y1)

Let the equation of the circle be x? +y? +2gx+2fy+c=0and
the point A(x1,y1) lies out side the circle.



We know that the centre is C(-g,-f) and radius

BC=r=4g?+f2-c

fig (1.3)

T AKLY)
From the fig (1.3)

A ABC is a right angled triangle.
- AB? +BC?=AC?
AB? = AC? -BC?

AB? =(x, +9)* +(y, + f)* - (g* + 2 —¢)
ABZ2=x? +y? +2gx + 2fy +C
1 1 1 1

AB:\/xﬁ +VYi+209x,+2fy,+c¢
Which is the length of the tangent from the point (x1,y1) to the
circle x2 +y2 +2gx+2fy+c=0
Note:
() If AB >0, A(xs,y1) lies out side the circle.
(i) If AB <0, A(x1,y1) lies inside the circle.
(iii) 1If AB =0, A (x1,y1) lies on the circle.



Equation of the Tangent to a circle at the point (x1,y1) onthe
circle (Results only):
Given equation of circle is x? +y? +2gx +2fy +¢c =0
_ The E)oint A (x1,y1) lies on the circle.
e X2 +y?+2gx +2fy +c=0
1 1 1 1
From fig (1.4) AT is the tangent at A. We know that centre is
C(_g!'f)'

Ax,.y,)

fig (1.4) T

Slope of AC = Yi+f
X1+9g
Since AC is perpendicular to AT
_(+09)

(yp+f)
-.Equation of the tangent AT at A(x1,y1) is
Yy —y1=m(X— X1)
[ % +0)

Slope of AT =m =

Y-y =— || J (x—x;) on simplification, we get

y;+ T
XX+ YY1 +9(X+ %) +fly +y;)+¢c=0

Note: The equation of tangent to the circle x* +y? =r?at (x1,y1) is
obtained by substituting g=0, f=0 and c=-r? in the above equation to
tangent



SoXXg + Yy +0(X+ X)) +0(y+y,)-r?=0
ie XXy + Yy, =r?
1.3.2 RESULTS
1) Equation of the tangent to a circle at a point (x1,y1) is
XXy +Yy1 +9(X+X) +f(y +y;) +¢=0

2) Length of the tangent from the point (x1,y1) to the circle

X2 +y? +2gx+2fy+c=0is \/Xi +Yy3+29x,+2fy, +c
Note:

(1) the equation of the tangent to the circle x?+y? = r? at (xi,y1) is
XXy + Yy, = 2
(2) If x2+y2+2gx +2fy +c>0then the point (x1,y1) lies outside the
1 1 1 1

circle.
(3) If x> +y?+2gx +2fy +c=0then the point (x1,y1) lies on the
1 1 1 1

circle.
(4) If x2+y?+2gx +2fy +c <0, then the point (x1,y1) lies inside the
1 1 1 1

circle.

WORKED EXAMPLES
PART - A
1) Find the length of the tangent from (2,3) to the circle
X2 +y2 —2X+4y+1=0

Solution:

Length of the tangent = \/x21 +Y3+2gx,+2fy +c

=22 +32_2(2)+4(3) +1
=J4+9-4+12+1
=/22 units



2) Show that the point (9,2) lies on the circle
X2 +y? —6x-10y-11=0

Solution:

Substitute (9,2) on the circle x? +y? — 6x —10y —11=0
92 +22 —6(9)-10(2)-11=0
81 +4-54-20-11=0. .. 85-85=0
.. the point (9,2) lies on the circle.
3) Find the equation of the tangent at (-4,3) to the circle x* +y? = 25

Solution:
Equation of tangent is xx1+yy1=r?
S X(-4) +y(8) =25
-4x+3y =25
4x-3y+25 =0

PART -B

1) Find the equation of the tangent at (4,1) to the circle
X2 +y? —-8x—6y+21=0

Solution:

Equation of the tangent at the point (x1,y1) is
XX + Yy, +g(X+ %)+ fly+y,)+¢c =0

Given x? +y? —8x —6y+21=0

2g =-8, 2f=-6 c=21 (x1,y1) = (4,1)

g=-4 f=-3

X(4) + y(1) + (-4)[x + 4]+ (-3)[y +1] + (21)=0
4X)+y—-4x-16 -3y -3 +21=0

2y+2 =0 2y-2=0 ~y-1=0



Equation of the tangentisy-1=0

2) Find the equation of the tangent to the circle (x+2)? + (y-1)> =5 at
(-1,-1).

Solution:

c AG1-1)
2.1

Equation of the circle in (x+2)? +(y-1)2 =5
ie X2 +y?+4x-2y=0
Here 2g=4 2f=-2
g=2 f=-1 c=0
.. Equation of the tangent is xx; + yy; +9(X + X;) + f(y + y;) + ¢ =0
ie., X(-1)+y(-1)+2(x-1)-1(y-1)=0
X-y+2Xx-2-y+1=0 x-2y-1 =0

EXERCISE
PART - A

1. Find the equation of the circle whose centre and radius are given
as

() (3,2); 4 units (i) (-5,7) , 3 units

(iii) (-5,-4); 5 units (iv) (6,-2), 10 units



10.

11.

12.

Find the centre and radius of the following circles:

() X*+y?-12x-8y+2=0 (i) X? +y? + 7x+ 5y -1=0

(iii) 2x% + 2y? —6x +12y -4 =0 (iv) x> +y? =100

Write down the equation of circle whose centre is (h,k) and radius
r units.

Write down the centre and radius of the circle
X2 +y? +2gx+2fy+c =0

Find the centre and radius of the circle (x —2)? +(y + 3)? =16

Find the equation of the circle described on line joining the
following points as diameter:

() (3,5)and (2,7) ()  (-1,0) and (0,-3)
(iii) (0,0) and (4,4) (v)  (-6,-2) and (-4,-8)

Write down the equation of the circle whose end points of the
diameter are (x1,y1) and (xz2,y2)

Write down the expression to find the length of the tangent to the
circle x2 + y? + 2gx + 2fy + ¢ = 0 from the point (x1,y1)

Write down the equation of the tangent to the circle

X2 +y2 +2gx+ 2fy + ¢ = 0 at the point (x1,y1).

Find the length of the tangent from the point (2,1) to the circle
X2 +y? +2x+4y+3=0

Show that the point (-3,-4) lies inside the circle

X2 +y? +2x+y-25=0

Show that the point (-1,-7) lies on the circle
X2 +y? +15x+2y-21=0



1)

2)

3)

4)

5)

6)

7)

8)

1)

PART -B

x+2y=1 and 3x-4y=3 are two diameters of a circle of radius 5
units. Find the equation of the circle.

Find the equation of the circle two of its diameters are 3x+4y=2
and x-y =3 and passing through (5,-1)

Find the equation of the circle passing through the points (5,2),
(2,1), (1,4).

Find the equation of the circle passing through the points (6,0)
and (-1,-1) and having its centre on x+2y+5=0

Prove that the points (3,4), (0,5),(-3,-4) and (-5,0) are concylic
Find the equation of the tangent at (2,4) to the circle
X2 +y?+2x-4y-8=0

Find the equation of the tangent at (-7,-11) to the circle
X2 +y? =500

Show that the point (1,-4) lies on the circle
X2 +y? —12x+4y+11=0 Also find the equation of the tangent at
(1,-4).

ANSWER
PART - A

0] X2 +y? —6x—-4y-3=0
(i) X2 +y2 +10x —14y + 65=0
(iii) X2 +y?>+10x+8y +16 =0

(iv) X2 +y? —12x + 4y —-60=0



()

(%)
(6)

(10)
(11)

(i) (6,4) i =1, =2
' J50 | |
\2 2
(iil) /| ! \/_ (iv) (0,0); 10
- 3
2 ) 2
(2,-3),4

(i) X2 +y> -5x-12y +41=0
(i) ¥ +y? +x+3y=0

(i) X2 +y? —4x-4y=0

(iv) X +y?> +10x +10y+40=0

4 units

J-10

N
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